An exact method is suggested to treat the nonlinear self-interactions (NLSI) in the relativistic Hartree-Fock (RHF) approach for nuclear systems. We consider here the NLSI constructed from the relativistic scalar nucleon densities and including products of six and eight fermion fields. This type of NLSI corresponds to the zero range limit of the standard cubic and quartic self-interactions of the scalar field. The method to treat the NLSI uses the Fierz transformation, which enables one to express the exchange (Fock) components in terms of the direct (Hartree) ones. The method is applied to nuclear matter and finite nuclei. It is shown that, in the RHF formalism, the NLSI, which are explicitly isovector-independent, generate scalar, vector and tensor nucleon self-energies strongly density-dependent. This strong isovector structure of the self-energies is due to the exchange terms of the RHF method. Calculations are carried out with a parametrization containing five free parameters. The model allows an adequate description of both types of systems. PACS number(s): 21.30. Fe, 21.60.Jz, 21.65.+f. 
I. INTRODUCTION
The Relativistic Hartree-Fock (RHF) approach for finite nuclei has been developed in Refs. [1] [2] [3] [4] [5] [6] [7] [8] (see also references therein) for the so-called linear models, which are characterized by linear field equations. In that approach, the contribution of the pion degrees of freedom (single pion exchange) is taken into account explicitly. In Ref. [2] it is shown, in particular, that the pseudovector coupling of pions to nucleons is more preferable than the pseudoscalar one in the nuclear structure context. Certain important features due to pions are incorporated into the model [9] . This aspect represents one of the main advantages of the RHF method in comparison to the relativistic Hartree approach. However, in the papers mentioned above the nonlinear self-interactions (NLSI) of the mesonic fields have not been taken into account. Including nonlinear self-interaction terms corresponds to one of the possibilities to account for the three-and four-body forces in the nuclear structure calculations. Different types of self-interaction Lagrangians have been considered in literature up to now. Initially, the scalar field self-interactions have been introduced involving σ 3 -and σ 4 -terms, where σ corresponds to the nuclear scalar field [11] . This type of self-interactions has been shown to play a very essential role in the relativistic Hartree calculations [12, 13] to get, for example, the proper value of the incompressibility modulus. NLSI should be taken into account in the RHF framework also. To work out the exact RHF equations with the NLSI is a complicated problem not solved up to now. In Ref. [14] , an approximate method to take into account selfinteractions of the σ 3 -and σ 4 -type in the RHF procedure has been suggested (see Ref. [15] for other type of NLSI). This method involves a simple idea based on the inclusion of the nonlinear terms appearing in the equation for the σ field, together with the scalar meson mass m σ , into a scalar meson effective mass m tensively: the Hartree-Fock contributions of the NLSI are calculated (in the ZRL without any approximation), both to the total energy of the system and to the nucleon selfenergies, the expressions obtained being valid for nuclear matter (NM) and finite nuclei.
For both cases, the results are shown in Sect. III. Finally, the conclusions are drawn in Sect. IV.
II. GENERAL FORMALISM
A. Hartree-Fock contributions of the scalar field NLSI to the total energy of the system
The effective Lagrangian of the model considered in the present paper involves interactions of the nucleons via exchange of mesons with the space-time transformation
properties of the scalar σ, vector (both isoscalar ω, and isovector ρ), and pseudoscalar π fields. It contains a "linear" part, which generates linear field equations identical to the corresponding linear part of Ref. [14] , and it will not be reproduced here. Let us mention only that the pion field is coupled to nucleons through a pseudovector coupling [2] . The current Lagrangian involves, however, a self-interaction part that is somewhat different from its homologous part of Ref. [14] . It takes the form:
where ψ is the fermion field operator, b and c are the coupling constants of the nonlinear terms, g σ and m σ are, respectively, the scalar meson coupling constant and mass. We shall utilize also the dimensionless coupling constantsb = Notice that the NLSI given in Eq. (1) coincide with the conventional scalar field NLSI used in Ref. [14] in the ZRL of the scalar field, i.e., when the term with m 2 σ in the equation of motion of the scalar field dominates over the Laplacian and nonlinear terms.
Likewise, the finite range components of the Lagrangian used in the present paper are treated in the same way as it is done in Refs. [3, 14] . As in these References, our
Lagrangian is considered as a phenomenological one. We restrict ourselves to the static approximation for the meson fields. The nucleon field ψ is expanded into a complete set of stationary single-particle spinors {ψ α (x)e −iEαt } and we consider the tree approximation.
The RHF equations can be obtained by minimizing the expectation value of the total Hamiltonian of the system in the space of Slater determinants Π α a + α |0 >, where a + α is a creation operator for a nucleon in the state α. We shall not describe this procedure in detail and perform here only the technique of calculating direct (Hartree) and exchange (Fock) components of the contribution to the energy of the self-interaction term U SI given by Eq. (1).
In doing this, we obtain for the mean value of the cubic component of U SI
and for the mean value of the quartic component
Let us mention that the space coordinates in Eqs. term in Eqs. (2) and (3) is equal to zero, as it should be.
We define the scalar (ρ sq ), vector (ρ vq ) and tensor (ρ T q ) densities for neutrons (q = n)
or protons (q = p) in the usual way:
where the subscript i runs over all the occupied states of a nucleon of type q. Here, n is the unit vector along the radial direction.
The scalar, vector and tensor total densities are ρ s = ρ sn + ρ sp , ρ v = ρ vn + ρ vp and
Using the Fierz transformation [16] , we can write for a fermion system:
The
also be written in a similar way, although they involve much more terms and will not be given here.
In order to write down the quantities < 0|(ψψ) 3 |0 > and < 0|(ψψ) 4 |0 > in terms of the nucleon densities defined in Eqs. (4), we take into account the following relations:
From this equation, one gets two more useful relations
and
Finally, from this last equation one obtains
Having in mind that the space coordinates in Eqs. (2) and (3) coincide for all spinors in the ZRL, we get from Eq. (2) for the cubic term
and from Eq. (3) for the quartic term
Let us mention that contributions given by Eqs. (10) and (11) include the densities ρ s , ρ v and ρ T but they do not include the contributions of pseudoscalar ρ P -and axial vector ρ A -densities for parity reasons.
From Eqs. (10) and (11), it can be easily seen that the exchange (Fock) contributions to the energy of the system corresponding to both the cubic and quartic terms are very essential. Actually, only the ρ (11) originate from the direct (Hartree) contributions, all the other terms in Eqs. (10) and (11) are developed from the Fock contributions, and they have a strong isovector structure (ISVS)
1 .
B. Hartree-Fock contributions of the scalar field NLSI to the nucleon self-energy
The contribution of the NLSI terms of the third (3) and forth (4) order to the self-energy of a nucleon of type q [Σ (3, 4 ) q ] can be extracted from the following equation:
From Eq. (12), it is seen that the NLSI terms U SI give a contribution to the total nucleon self-energy of the same structure as the linear components of the Lagrangian. Thus, each component (Σ iq ) of the total self-energy can be written as
where i = s, 0, T specifies the scalar, time component of the vector, and tensor selfenergies. One can look in Refs. [3, 14] for further details related to Σ linear iq .
Taking into account that
one obtains for the contribution of the cubic terms of U SI to the self-energy components
For the contribution of the quartic terms of U SI to the self-energy components, one has Σ (4)
From the previous publications [3, 14] , it is clear that the isovector structure of the Hartree-Fock solutions is strongly determined by the contribution of the π-and ρ-mesons.
The present results, show that the isovector-independent NLSI also make essential contributions to the ISVS of the energy and self-energies of the system.
From Eqs. (12, 13) , it follows that the quantities Σ (3, 4) sq , Σ iq -components involve a strong density dependence, and, what is more surprising, a strong ISVS. The densities ρ sq , ρ vq and ρ T q can be calculated in the following way
where G i (r)/r and F i (r)/r are the radial functions of the upper and lower components of the nucleon Dirac spinor. Let us mention that Eqs. (10, 11, (15) (16) (17) are valid for NM and finite nuclei.
III. NUMERICAL RESULTS

A. Nuclear Matter
We shall start the discussion of our results for symmetric NM, where ρ T = 0, ρ s,p = ρ s,n and ρ v,p = ρ v,n . As mentioned above, in the present paper we follow closely the Lagrangian of the HFSI model used in Ref. [14] and, in our calculations, we have fixed the same parameters as in Ref. [14] . Thus, the bare nucleon mass and the π, ω and [14].
In Fig. 1 , we present the result of the RHF calculation of the energy per particle (E/A) for NM as a function of ρ v for three cases: the HFSI label (dashed line) corresponds One could also try to get K = 250 MeV keeping the value of c as in the HFSI model, however, we could not find solutions in this case. From Fig. 3 , one can see that appreciable differences between the three models appear only at densities larger than the saturation one. Thus, a similar description of finite nuclei can be expected for these three sets.
Our next step is to find an adequate parameterization for NM and finite nuclei. To do that, we can follow the procedure used in Ref. [14] . In the present paper, the values of g σ , The values of the parameters chosen in the present paper for the ZRL model and for the HFSI-model of Ref. [14] , as well as some calculated NM properties, are given in Table   I . One can appreciate that the scalar meson mass m σ needed to get a good description of the surface nuclear properties is considerably larger in the ZRL model than in the HFSI one. The magnitudes of theb,c and a 4 parameters are smaller in the ZRL model than in the HFSI one, and the sign ofc is different in the two cases. However, the energy contribution coming from the quartic term has the same sign in both models. This is due to the strong Fock terms contribution in the present model. We have mentioned above that the NLSI terms are explicitly isovector-independent, see Eq. (1). It has been also emphasized that, however, the contributions to the nucleon self-energies appearing due to the NLSI manifest a strongly developed isovector structure, and its origin has been related to the RHF method. To illustrate this point, we have presented in Figs. 6-9 the density dependence of the values of Σ
0E and Σ From Figs. 6-9, it is easily seen that the exchange (Fock) self-energies Σ (3, 4) iE (i = s, 0) represent a very important contribution to the respective total self-energies even at normal densities (especially Σ (3, 4) sE ), this contribution is still increasing (in absolute value) with the density. It is seen also that the values Σ (3,4) iE (i = s, 0) are essentially dependent on the neutron excess in the system (due to the Hartree-Fock framework used).
B. Finite nuclei
In order to make a more complete analysis of the possibilities of our nonlinear RHF model, we have carried out calculations for finite nuclei with the ZRL set of Table 1 .
Actually, as we have explained above, we have taken into account, besides the saturation NM properties, the experimental values of the binding energies, spin-orbit splittings and rms charge radii of finite nuclei in choosing the parameters of the ZRL set. We remind that the ZRL model contains five fitting parameters, as explained in the paragraphs dedicated to NM.
In Tables II and III, Table II indicate an estimation for the center-of-mass correction to the total energy, which is not included in the ZRL and HFSI results.
From Tables II and III , one can see that the model allows a quite good description of binding energies, spin-orbit splittings and rms charge radii for spherical nuclei in a wide range of nuclei. The results are comparable to those of the HFSI model, although, as we have already indicated above, the ZRL model has reasonable solutions for NM up to much higher densities than the HFSI one. As is common in the RHF approaches containing the exchange of pions [9] , the ZRL model also predicts a strong reduction of the spin-orbit splitting as going from the 40 Ca nucleus to the 48 Ca one.
Figs. 10-14 show the calculated charge distributions for the indicated nuclei and the corresponding experimental ones for comparison. It is remarkable that there is a very good agreement between the theoretical results and the experimental data, specially for the 16 O and 40 Ca nuclei.
IV. CONCLUSIONS
In this work, we have used the Fierz transformation to treat exactly the zero range NLSI given in Eq. (1), associated with three-and four-body forces, in the RHF framework (considering the other components of the Lagrangian, i.e., the two-body forces, as finite range interactions). The model has been applied to NM and finite nuclei.
The NLSI (ψψ) 3 and (ψψ) 4 considered here are constructed from the scalar densities. However, the relativistic Hartree-Fock procedure generates, in this case, the nucleon self-energies (in the respective single-particle Dirac equation) with the space-time transformation properties of a relativistic scalar, vector and tensor (the pseudoscalar and axial components do not survive). It should be mentioned also that the NLSI generate strong density dependence of the respective nucleon self-energies Σ (3, 4) sq , Σ (3, 4) vq , and Σ (3, 4) T q . In the RHF framework, the method suggested manifests also a strongly developed ISVS of the self-energies generated by isovector-independent NLSI, this point being one of the basic features of the RHF-framework (notice that in the relativistic Hartree approximation there is no ISVS due to the NLSI, neither, in the usual form σ 3 -and σ 4 nor in the ZRL).
Let us mention that the same method, as suggested in the present paper, can be utilized to treat the self-interactions of the ω 4 -type (ω is the vector-isoscalar meson field)
and also associated with four-body forces [17] . In this case, in the ZRL, the nonlinearities are constructed by mean of the relativistic vector densitiesψγ µ ψ and contain eight fermion operators. [9] ). The rms charge radii r c are given in fm. [14] , respectively. References to the experimental data are given in [9] and [14] . 
0E of the (ψψ) 3 term to the (time component of) the vector self-energy. Fig. 9 . The same as in Fig. 8 but for the density dependence of the partial exchange (Fock) contribution Σ
0E of the (ψψ) 4 term. 
